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44. 


ON A MULTIPLE INTEGRAL CONNECTED WITH THE 
THEORY OF ATTRACTIONS. 


[From the Cambridge and Dublin Mathematical Journal, vol. 11. (1847), pp. 219—223.] 


Mr BooLE [in the Memoir “On a Certain Multiple definite Integral” Irish Acad. 
Trans, vol. XXI. (1848), pp. 40—150] has given for the integral with n variables 


E da dy. 
áa Hele e naM NIe EAE ET aii (1); 


2 2 
limits Ate AA 


the following formula, or one which may readily be reduced to that formt, 


ya E EET tie Ket ds 


Ta a P ET T L E OA A 2), 
Tato), MEFANET] @) 
where 
S= oy s [ers AE PE eis ction s cslnces ovnae (3) ; 
in which 
a b2 u? 
ay ONY har ar MEN a E a E A, ES (4) 
ad y is determined by 
UN a? b2 ag 


ea SAO VO 
fè+n +n n 


1 See note at the end of this paper. 
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Suppose f=g=...=0; also assume 
1 
p (A) = CPR ee RAE Ree irl (5) ; 
then the integral becomes 
| da dy... (6) 
ay. OPH (eal CEL ET a ttre "a 


the limits for each variable being — œ, o. 


Now, writing f?s for s and fy for 7, the new value of 7 reduces itself to zero, and 
8 


U a R D 
~ TGn+q) Jo +8)" 


Also o =0; but 

os = 
2 EREE AEN ie 
Cera ta: 


where 7? =a? +b? + ... whence also putting 7 for t, ¢{o+t(1—c)} becomes 


1 
{f?a +t (l—o) + vine’ 
ai SRE Se os 
Ae (t + A)?’ 
if for a moment 
a u? 
he Er ti 


Hence : 
J fa yb vert dt 
r (— g) Jo (t+ A) 


ERRETA) (Pa), 
Tang) Amr’ 


S 


or substituting in U, and replacing A by its value, 


min T (Gnt+q+q) Í K s ds 
0 


Tat) Tng Je yy BARESE aia 
+s sS 


or, what comes to the same, 


__ mT Gntgtq) [° At (1+ s8) ds (7) 
~ Tan+qgl nt) F CETE a LTE ENIRAR S 


where paver, 
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The only practicable case is that of g’=--q, for which 


orim ak 1 pl tn Bi 
= Tan EDT GncD l, OPE RAR rete (8). 


Consider the more general expression 


o=f smg (tre ES ENEE E A S (9); 
0 


by writing Qur/s =p (5 + 4w) + o/s’, 


the upper sign from s =œ to s=—, and the lower one from s= to s=0, it is easy to 


STS 


? 


derive 


ronn [7 (IV (8 + buv) + V8} 28 + {p(s + 4uv) — vs} ' 
o= au | eA Nb (0+) 2u) de 


Now, by a formula which will presently be demonstrated, 


7 Mert val + 400) VO og 
Vs (8 + 4w) 


= VT gaf 5-4(44uv)9e- ds ....... 
“Tana th, s (8+ Av) et ds nn, (11); 


whence 


f {v (s + 4uv) + Vs} + {vis + 4uv)— V8} gg 
ò Vs y (8 + 4w) 


_ 27 
~~ T@-@ 


Thus, by merely changing the function, 


> I (s+ 4 y ( TN” Ps ds... (12) 
S Uv =) SOS RTE SS ù 
0 i ds 


_ 20H yr [* 
jas rG -g) 0 


and hence in the particular case in question 


Ss (s + 4uv) +4 ( os oye h(st+j+2uv)ds ......... (13) ; 


T= 22941 429 grå (n+) ¥ s-a (s + Auw) (s +j + 2uvytn+a ds n., (14), 


r$- DT Gn+g) Jo 
by means of the formula 


-4 EE ha — a 
(- 2) era =P ore. 


But as there may be some doubt about this formula, which is not exactly equivalent 
either to Liouvilles or Peacock’s expression for the general differential coefficient of a 
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power, it is worth while to remark that, by first transforming the $n power into. an 
exponential, and then reducing as above (thus avoiding the general differentiation), we 
should have obtained 


D29+1 929 qr N+) Í 


~TG-g—T Gn+¢ T (hn-9) 


which reduces itself to the equation (14) by simply performing the integration with 
respect to 0; thus establishing the formula beyond doubt’. The integral may evidently 
be effected in finite terms when either q or g—4 is integral. Thus for instance in the 
simplest case of all, or when q=- 4, 


o0 w é 
do i! ds Qi) e- 645+200 g-i- (s 4 huo) ia et, 


0 0 i 


U 


hn) 1 $ da dy ... 


U= Pet G+ Ruy a e G7 eas eT 


a formula of which several demonstrations have already been given in the Journal. 


The following is a demonstration, though an indirect one, of the formula (11): in 
the first -place 


F {a(s + 4uv) + vs} + {y (s + 4uv) — ys} ba 


0 Vs y (s + 4uv) 
ant ae | (Awn HAD 6? dg oes. (16), 
(where as usual t = 4x — 1): to prove this, we have 
[E (4u + a) et da = rG- ) de | 3 dt a e CUTE KU 
eano 


or, putting 4uv yt = /(s + 4w) + /s (which is a transformation already employed in the 
present paper), the formula required follows immediately. 


Now, by a formula due to M.. Catalan, but. first rigorously demonstrated by M. 
Serret, 


° cos ax dæ : t fi aa PELE 
o +a Tn À ET ARA 
(Liouville, t. viii. [1843] p. 1), and by a slight modification in the form of this equation 


me (4wa [? 


which, compared with (16), gives the required equation. 


| (420? + a) et de = STI (s + Auv) e ds, 


1 A paper by M. Schlémilch “Note sur la variation des constantes arbitraires d’une Integrale definie,” 
Crelle, t. xxxir. [1846], pp. 268—280, will be found to contain formule analogous to some of the preceding ones. 
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Note.—One of the intermediate formule of Mr Boole [in the Memoir referred to] 
may be written as follows: 


S=} f da ia dv v4 cos [(a — o) v +4 qr] $a, 


or what comes to the same thing, putting 7=,/—1, and rejecting the impossible part 
of the integral, 


1 a0 
S= T etmi | da | dy v9 e e—a ba, 
T 0 o 
; é l Fala? ; 
F S= | Todda TAE ean | dy yt eiv =o), 
0 T 0 


Now (a— ø) being positive, 


= z emi T (q +1) ltn (a— o); 


l.e. I= = eg LT (q + 1) (a = CAFEEN 
or, retaining the real part only, 
T= -sin qarT (q+1)(a— 0o); 


1 


i.e, l= NETI 


(a — oy. 
But (a—c) being negative, 
Ta 2 elt D (q + 1) eari (e—a) ; 
ie I=} eiT (q+1) (0-a), 


or, retaining the real part only, J = 0. 


Hence 


1 $ —q-1 $ 
=r |. 6-9 q pa da ; 


or putting a=oa+t(1—o), or a—c=t(1l—o), 


s= a- 2 [em ple+ta-o)]dt; 


the expression in the text. Mr Boole’s final value is 
d\a 
s=(- 7) 6), 


which, though simpler, appears to me to be in some respects less- convenient. 


C. 37 
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